A MURPHY BASIS OF g-BRAUER ALGEBRAS 

DUNG TIEN NGUYEN 



Abstract. A new basis of the q-Brauer algebra is introduced, which is a hft of the 
Murphy basis of the Hecke algebra of the symmetric group. This basis is a cellular 
basis in the sense of Graham and Lehrer. Subsequently, using combinatorial language 
we prove that the non-isomorphic simple g-Brauer modules are indexed by the e{q^)- 
(<~^ ' restricted partitions of n — 2fc where k is an integer, < fc < [n/2]. When the g-Brauer 

O^l ' algebra has low-dimension a criterion of semisimplicity is given, which is used to show 

■ that the g-Brauer algebra is in general not isomorphic to the BMW-algebra. 
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^ I In the classical Schur-Weyl duality the actions of the general linear group GL{N) and 

the symmetric group Sn on the tensor power spaces (C^)*^" are centralizers of each other. 
In 1937, Richard Brauer showed that when replacing GL{N) by the orthogonal subgroup 
0{N) or the symplectic subgroup Sp{N) the corresponding centralizer is a larger algebra 
containing the symmetric group, called the Brauer algebra Dn{N). In the quantum case, 
there is an analogue of these dualities in which: GL{N) and Sn are substituted by the 
quantized enveloping algebra Ug{Ql^) and the Hecke algebra of the symmetric group 
Hn{q) respectively (see Jimbo [Hj and Le Due and Ram [16j); 0{N) (resp. Sp{N)) and 
Dn{N) are substituted by the quantized enveloping algebras Ug^o^) (resp. Ug{sp^) and 
the BMW-algebra ?B„, a g-deformation of the Brauer algebra, with appropriate choices 
of parameters respectively ([3], Section 10.2). 

Recently, another g-deformation of the Brauer algebra has been introduced by Wenzl 
[22] via generators and relations who called it the g-Brauer algebra. This algebra contains 
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the Hecke algebra of the symmetric group as a subalgebra and, over the field Q(r, g), is 
semisimple and isomorphic to the Brauer algebra. Some applications of this algebra were 
found by Wenzl in [23] and [21]. In [7] Dung showed that the generic g-Brauer algebra 
is cellular, and in particular it is an iterated infiation of Hecke algebras of the symmetric 
group. 

The subjects of this note are following two questions. 

Question 1. How to give a combinatorial and direct proof for parametrization of 
simple modules of the g-Brauer algebra shown in [7]? 

Question 2. In general, does there exist an algebra isomorphism between the g-Brauer 
algebra and the BMW-algebra? 

In [7] , Dung showed that the simple g-Brauer modules up to isomorphism are indexed 
by the e(g^)-restricted partitions of n — 2fc where k is an integer, < A; < [n/2]. However, 
the proof needs to use the structure "iterated infiation" of the g-Brauer algebra which is 
complicated. In this article, we give a simple answer for the question 1 in Theorem l4.1l via 
using the combinatorial language which does not relate to the structure of the g-Brauer 
algebra. Then question 2 is fully answered by giving a criterion for semisimplicity of the 
g-Brauer algebra, -Br„(r^,g^), in the case n G {2,3} and some exphcit calculations in 
Propositions 15.11 15.21 and Examples 15. 5[ 15. 6[ 15.71 . The statement is that: 

Claim 1.1. In general, there does not exist an algebra isomorphism between the q - Brauer 
algebra Brn{r'^,q'^) (resp. Brn{r,q)) and the BMW- algebra SSn- 

To obtain the results above, we first introduce a new basis of the g-Brauer algebra that 
is a lift of the Murphy bases of the Hecke algebra of the symmetric groups (PTT] or [IB]) 
and the BMW-algebra [8j- The main result stated in Theorem I3.1UI is that the g-Brauer 
algebra over a commutative ring has the basis consisting of elements that are indexed 
by two pairs, in each pair the first entry is a standard tableaux and the second one is a 
certain partial Brauer diagram. This basis is a cellular basis and exists for every version 
(one or two parameters) of the g-Brauer algebra over a field of any characteristic. Then, 
we can apply the theory of cellular algebra to produce cell (Specht) and simple modules 
of the g-Brauer algebra over a field of any characteristic. This provides a combinatorial 
approach to study the representation theory of the g-Brauer algebra like that of the Hecke 
algebra of the symmetric group and its g-Schur algebra or the cyclotomic g-Schur algebra 
or the BMW-algebra. 
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2. Notation and preliminaries 

This section recalls the concepts tableaux and Young subgroup, and it collects basic 
and necessary facts of the representation theory of the Hecke of the symmetric group. 
We introduce these with a slight difference in which the usual symmetric group and its 
deformation, the Hecke algebra, are replaced by isomorphic ones, written in a different 

2 



way. In particular, we need to use background on a subgroup of the symmetric group and 
the representation theory of its corresponding Hecke algebra. However, the usual results 
in the literature hold true for this restriction (see [1], [T7] or |18]). 



2.1. Combinatorics. Throughout, n will denote a positive integer, and Sn will be the 
symmetric group acting on {1, . . . ,n} on the right. For i an integer, 1 < i < n, let Sj 
denote the transposition (i, i + 1). Then Sn is generated by Si, S2, . . . , s„_i, which satisfy 
the defining relations 

= 1 for 1 < i < n; 

SiSi+iSi = Si+iSiSi+i for 1 < i < n - 1; 

SiSj = SjSi for 2 < |i — j|. 

Let k be an integer, < k < [n/2]. Denote S2k+i,n to be the subgroup of S'„ generated 
by generators S2k+i, S2k+2, ■ ■ ■ , Sn~i- This subgroup is isomorphic to a symmetric group 

Sn-2k 

An expression w = Sj^ Si^ - ■ ■ Si^ in which m is minimal is called a reduced expression 
for w, and i{w) = m is the length of w. 

Let k be an integer, < k < [n/2]. If n — 2k > 0, a partition of — 2fc is a 
sequence A = (Ai, A2, ■ ■ ■ ) of non-negative integers such that Aj > Aj+i for alH > 1 and 
|A| = X]i=i = ^ ~ 2A;. The integers Aj, for i > 1, are the parts of A; if Aj = for i > m 
we identify A with (Ai, A2, ■ ■ ■ , A^) and denote A h n — 2k. If n — 2k = 0, write A = 
for the empty partition. The Young diagram of a partition A is the subset 

[A] = {{i,j) : Ai > j > 1 and i > 1 } C N X N. 

The elements of [A] are the nodes of A and more generally a node is a pair {i,j) G N x N. 
The diagram [A] is represented as an array of boxes with Aj boxes on the z-th row. For 
example, if A = (3, 1), then [A] = ^ 11. Let k be an integer, < k < [n/2], and A be a 
partition of n — 2k. A A-tableau labeled by {2k + 1, 2A; + 2, . . . , n} is a bijection t from 
the nodes of the diagram [A] to the integers {2k + 1, 2A; + 2, . . . ,n}. A given A-tableau 
t : [A] — )■ {2k + 1,2k + 2, . . . ,n} can be visualized by labeling the nodes of the diagram 
[A] with the integers 2A; + 1, 2A; + 2, . . . , n. For instance, if n = 10, = 2 and A = (3, 2, 1), 



(2.1) 
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represents a A-tableau. A A-tableau t labeled by {2k + 1, 2A; + 2, . . . , n} is said to be 
standard if the entries in t increase from left to right in each row and from top to bottom 
in each column. Let t'^ denote the A-tableau in which the integers 2k + 1,2k + 2, . . . ,n 
are entered in increasing order from left to right along the rows of [A]. For instance, let 
n = 10, A; = 2 and A = (3,2,1), 
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The tableau t'*' is referred to as the superstandard tableau. Denote Std(A) the set of 
standard A-tableaux labeled by the integers {2k + 1, 2fc + 2, . . . , n}. 

For A and /i arbitrary partitions, the dominance order on partitions is defined as follows: 
A > yU if either 
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(1) > |A| or 

(2) \fi\ = \\\ and J^lLi ^ YlT=il^i m > 0. 

We will write A > /i to mean that A > ;U and X ^ ^. The symmetric group S2k+i,n 
acts on the set of A-tableaux on the right in the usual manner, by permuting the integer 
labels of the nodes of [A]. For example, 



(2.2) 
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Let A be a partition of n — 2k, define Young subgroup Sx to be the row stabilizer 
of t'^ in S2k+i,n- For instance, when n = 10, k = 2 and A = (3,2,1), then a direct 
calculation yields Sx = {s5,Se,Ss). To each A-tableau t, associate a unique permutation 
d{t) G S2k+i,n by the condition t = t^d{t). Using the tableau t in (12.11) above it deduces 
that c/(t) = (6, 8, 7) (9, 10) by (O. 

2.2. The Hecke algebra of the symmetric group. Let R denote an integral domain 
and g be a unit in R. The Hecke algebra (over R) of the symmetric group S2k+i,n is 
the unital associative i?-algebra H2k+i,n{,<f') with generators g2k+i, g2k+2, ■ ■ ■ ,gn-i, which 
satisfy the defining relations 



g^ = {q^ - l)gi + 

9i9i+l9i = 9i+l9i9i+l 

9i9j = 9j9i 



for 2k + 1 < i < n; 
ior 2k + I < i < n - 1; 



for 2 < 



J\ 



Note that H2k+i,n{.<f') is isomorphic to the usual Hecke algebra Hn-2k{.<f') in the literature. 
If 1(7 G S2k+i,n and Si^Si^ ■ ■ ■ is a reduced expression for w, then g^ = gi^gt^ ■ ■ ■ gi,^ is 
a well defined element of H2k+i,n{.<f) and the set {g^, : w G S2k+i,n\ freely generates 
H2k+i,n{.<f) as an i?-module (Theorems 1.8 and 1.13 of [17j). From now on, we abbreviate 
H2k+i,n replacing i^2fc+i,n(g^)- 

In the following we collect standard facts from the representation theory of the Hecke 
algebra of the symmetric group; details can be found in [T7] or [18]. If /i is a partition of 
n — 2k, define the element 



(2.3) 



Let * denote the algebra involution of H2k+i,n mapping g^ g^ := g^^-i for u G 5'2fc+i,n- 
Denote ^2k+i,n to be the i?-module in H2k+i,n with basis 

(2.4) {cst = fl'd(s)C^5'd(t) ■s,te Std(/i), where /x > A }. 

The next statement is due to Murphy in [18j. 

Theorem 2.1. The Hecke algebra H2k+i,n is free as an R-module with basis 

for s, t G Std(A) and 



(2.5) 



-at 



9d{s)<^\9d{i) 



A a partition of n — 2k 



Moreover, the following statements hold. 



(1) The R-linear involution * satisfies * : Cst (-)■ for all 5, t G Std(A). 
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(2) Suppose that h G H2k+i,n, one? that s is a standard X-tableau. Then there exist 
at € R, for t G Std(A), such that for all s G Std(A), 

(2.6) Cs^h = ^ atCst mod J^t+i,n- 

tGStd{A) 

The basis ^ is cellular in the sense of [S]. If A is a partition of n — 2k, the cell (or 
Specht) module for H2k+i,n is the i?-module freely generated by 

(2.7) {c, = cx9d(.) + AUi,n ■■ s G Std(A)}, 
and with the right if2fc+i,n^action 

(2.8) c,h= 

OtCt, for h G H2k+i,m 

iGStd(A) 

where the coefficients at G i?, for t G Std(A), are determined by the expression (12. 6p . 
The basis ^ is called Murphy basis for H2k+i,n and the basis (12. 7p is referred to as the 
Murphy basis for 5''*'. Notice that the if2A;+i,n^module is dual to Specht module in 

Applying the general theory of cellular algebra, the bilinear form on 5^ is the unique 
symmetric i2-bilinear map from 5*^ x to R such that 

(2.9) (c^, Ci)cx = Cscl mod ^t+i,n 

for all s, t G Std{X). Then, rad = {x e S^\ {x,y) = for all y G 5"^} is a 
-f^2fe+i,n-submodule of S^. For each partition A of n — 2k, denote = /rad a right 
-f^2fc+i,n-module. 

Let e(g^) be the least positive integer m such that [m]q2 = 1 + + g^... + g2(m-i) _ q 
if that exists, and let e(g^) = oo otherwise. Recall that a partition A = (Ai, A2, A/) 
oi n — 2k is e(g^) — restricted if Aj — Aj+i < e(g^) for alH > 1. 

For partitions \, ft oi n — 2k and 7^ 0, let dx^ = [S^ : D^] be the composition 
multiplicity of D^^ in 5^. The following classification of the simple if2fc+i,n^modules is 
given by Dipper and James (see [Ij, Theorem 7.6 or [T7j, Theorem 3.43). 

Theorem 2.2. Suppose that R is a field. 

(1) { — fi an e{q^) -restricted partition of n — 2k} is a complete set of non- 
isomorphic simple H2k+i,n-'rnodules. 

(2) Suppose that fi is an e{q^) -restricted partition of n — 2k and that X is a partition 
of n — 2k. Then d^^ = 1 and dx^i 7^ only if X> fi. 

Corollary 2.3. f|17j. Corollary 3.44) Suppose that R is a field. Then the following 
statements are equivalent. 

(1) H2k+i,n is (split) semisimple; 

(2) = for all partitions X of n — 2k; 

(3) e(g2) >n-2k. 

2.3. The Brauer algebra. Brauer algebras were introduced first by Richard Brauer 
[2] in order to study the nth tensor power of the defining representation of the orthog- 
onal and symplectic groups. Afterwards, they were studied in more detail by various 
mathematicians. We refer the reader to work of Hanlon and Wales ([lOl IH]), Doran, 
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Wales and Hanlon [B] , Graham and Lehrer [5] or Koenig and Xi [TJ] , Wenzl |2T] for more 
information. 

The Brauer algebra is defined over the ring by a basis given by diagrams with 
2n vertices, arranged in two rows, and n edges, where each vertex belongs to exactly 
one edge. The edges which connect two vertices on the same row are called horizontal 
edges. The other ones are called vertical edges. We denote by Dn{x) Brauer algebra. 
The vertices of diagrams are numbered 1 to n from left to right in both the top and the 
bottom. The multiplication of two basis diagrams di and d2 is a concatenation in the 
following way: We put diagram di on top of d2 such that all vertices in the bottom row of 
di coincide with all upper vertices of d2. Now draw an edge from vertex i in the bottom 
row of di to vertex i in top row of d2 for all i. The resulting diagram consists of parts 
that start and finish in top row of di and bottom row of d2 respectively, as well as some 
cycles that use only vertices in the middle two rows. Let 7((ii, ^2) denote the number 
of these internal cycles. The product di ■ ^2 in Dn{x) is then defined to be this resulting 
diagram without internal cycles, multiplied by x taken to the power 'j{di, ^2). Here x is 
a variable. 

Example 2.4. Let us consider in Dj{x) the product of di and d2 





and the resulting diagram is 




di.d2 = 



In ([2], Section 5) R. Brauer points out that each basis diagram on Dn{x) which has 
exactly 2k horizontal edges can be obtained in the form ujie{k)UJ2 where ui and UJ2 are 
permutations in Sn, and e(fc) is the following diagram: 

• — • ... • — • • • ... • 

(2.10) II I , 



where each row has exactly k horizontal edges. 

2.3.1. Length function for Brauer algebra Dn{N). Generalizing the length of elements in 
reflection groups, Wenzl [22] defined a length function for a basis diagram of Dn{N) as 
follows 

For a basis diagram d G Dn{N) with exactly 2k horizontal edges, the definition of the 
length i{d) is given by 

i{d) = min{i{uji) + £{uj2)\ uJie(^k)0^2 = d, 001,002 e Sn}. 

Recall that here we see a permutation w of a symmetric group as a diagram of the Brauer 
algebra with no horizontal edge. The product U1U2 is a concatenation of two diagram ui 
and U2. 



As indicated in [22], a permutation w G S'„ can be written uniquely in the form 
UJ = ti . . . tn-2tn-i, where tj = 1 or tj = SjSj^iSj_2 ■ ■ ■ =: Sj^i^ with I < ij < j < n. 
Denote the set of all elements of the form ^2^4 • • • ^2fc-2'^2A;^2fc+i • • • tn-2tn-i- 

For k an integer, < k < [n/2], let ^k,n be the set of all diagrams d in which: A 
diagram has exactly k horizontal edges on each row, its top row is like a row of the 
diagram e(fc), and there is no crossing between any two vertical edges. Set 

(2.11) Bk,n = {uj eBk \£{d) = i{uj) with d = e(fc)W G ^fc,„}. 

This definition is going to be used in the following section on the g-Brauer algebra. For 
more detail we refer the reader to Section 3.3 in [7]. 

3. A Murphy basis of the g-BRAUER algebra 

3.1. The g-Brauer algebra. From now on, we abbreviate Hn replacing ,^(g^). The 
generic g-Brauer algebra, which contains the Hecke algebra of the symmetric group Hn 
ClS db subalgebra, is defined below. 

Definition 3.1. Let r and g be invertible elements over the ring Z[g^^, r''^-'^, ( r)^^l- 

g-g-i 

Moreover, if g = 1, then assume that r = g^ with G Z\{0}. The q-Brauer algebra 

i?r„(r^,g^) over Zlq'^^jr^^, ( t)^^] is the algebra defined via generators gi, g2, Qs, 

q-q 

Qn-i and e and relations 

(H) The elements gi, g2, gs, gn-i satisfy the relations of the Hecke algebra Hn, 
g-g 

{E2) egi = gie for i > 2, egi = gie = g^e, eg2e = rqe and eg^ = (rg)-^e; 
(^3) 929-^9 92^ e (2) = 6(^2)929391^ 92^ where 6(2) = e{g2g^gi^ g2^)e. 



Let 



and 



9l.r 



9i9i+i--9m if Z < m; 

9i9i-i---9m if/>m, 

9f^9r+v9n,^ if / < m; 

^r^^z-\--^m^ if / > m. 



for 1 < /, m < n. 

Let k be an integer, 1 < k < [n/2]. The elements e^k) in Brn{r'^,q'^) are defined 
inductively by e(i) = e and by 

(3-1) e(fc+i) = eg^r,k+i9i,2kHk)- 

Remark 3.2. 1. We keep the notation e^k) as used in [22] and [7], which describes both 
the Brauer diagram e^k) (see (I2.1UI) ) of the Brauer algebra and the element e^k) (in (13. ip ) 
of the g-Brauer algebra. 

2. The definition of the g-Brauer algebra above is a generic version of the one introduced 
by Wenzl (see [23], Definition 2.1). This means when r = g^, these definitions are the 
same. The algebra defined above is also isomorphic to another version of g - Brauer 
algebra, Brn{r,q), used by Dung in [7]. In fact, it can be obtained by in Brn{r,q) we 



substitute old q, r and e by g^, r^, and (g~^r)e, respectively. This implies that the 
g-Brauer Brn^r"^, q^) has similar properties as those of Brn{r, q). 

3. To relate the g-Brauer algebra to the Brauer algebra over a field of any characteristic, 
we need another version of the g-Brauer algebra. The definition is the following: 

Fix e Z \{0} and let [A^] = 1 + g^ + ■ ■ ■ + g2(^-i), where g is an invertible element in 
an arbitrary commutative noetherian ring R containing Z[g^^,r^^, [A^]^^]. The g-Brauer 
algebra Brn{N) is an algebra over R defined by generators gi, (72, ... , Qn-i and e and 
relations {H)^ {E3) as before and 

iE[) = [N]e; 

{E2) egi = QiC for i > 2, egi = gie = g^e, eg2e = g^+^e and eg2^e = (g)"^~^e. 
It is clear that in the case g = 1 the g-Brauer algebra Brn{N) coincides with the Brauer 
algebra Dn{N). Notice that the other versions of the g-Brauer algebra recover the Brauer 
algebra over fields allowing to form the limit g — )■ 1, such as the field of real or complex 
numbers (see Remark 3.1(1) in [22] for more detail). 

4. Both i?r„(r^,g^) and Brn{N) have an i?-linear involution * defined by e* = e, 
g* = gi, 1 < i < n — 1. This involution is the same as the involution of Brn{r, g) shown to 
exist in Proposition 3.12 [7J, and it is compatible with the involution of the Hecke algebra 
Hn defined in Section 12. 2[ 

In this article, the proofs for both i?r„(r^, g^) and Brn{N) are the same. We will only 
give them for one version, sometimes without explicitly mentioning the other version. 

5. Let k be an integer, < k < [n/2]. By Definition (13.11) it is straightforward to check 
that the element e(fc) commutes with g^^ for u G H2k+i,n, that is, e(^k)gu) = 9uj^{k)- 

Recall from [7| Section 4.1 that if k is an integer, < /c < [n/2], J„(A;) is the -R-module 
generated by the basis elements gd of the g-Brauer algebra, where d is a Brauer diagram 
whose number of vertical edges are less than or equal n — 2k. Then Jn{k) is an ideal of 
the g-Brauer algebra and 

[n/2] 

(3.2) J„{k) = J2Hneij)H^. 

j=k 

In the following we collect some results which are similar to those of Brn{r,q) in [7]. 
Their proofs are the same as those of Br^lr, q). 

Lemma 3.3. The following statements hold for the q-Brauer algebra Brnir"^, g^). 

(1) 92j+ie{k) = e(fc)fl'2i+i = g^e(fc), and fi'2,+ie(fc) = e(fc)fi'2j+i = 9~^e(fc) for < j < k; 

(2) e(j)e(fc) = e(fc)e(j) = ( ^ _ ^_i )^e(fc) for any j < k; 

(3) 9ti-i,2jHk) = 9tj+i,2iHk) and g2i-i,2jHk) = 92j+i,2i(^{k) for 1 < i < j < k; 

(4) Hk)92i,i = Hk)gt,2i+i (^^d e(fc)^2/,i = Hk)g2,2i+i for I < k; 

(5) e(k)g2j92j-i = e(k)92j92j+i and ei^k)92j92j-i = Hk)92j'92j+i for 1 < j < k; 

(6) e(k)9tj,2i~i = Hk)9ti,2j+i (^nd e(k)92j,2i-i = Hk)92i,2j+i forl<i<j< k; 

(7) e(k)92k,2j-i9tk+i,2j(^U) = — ^—rY'^Hk+i) for 1 < J < k; 

(8) e(^k)92je(j) = rq ^^ _ ^_J ^~^e(fc) for 1 < j < k; 

(9) e(fc)if„e(j) C ei^k)H2j+i,n + Y.m>k+i Hne{m)Hn, where j < k; 
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(10) e(fc+i) = e(fc)c/2fe,ic/i+i,2e. 

Lemma 3.4. (\J\, Lemma 4-^0) Let k, I be integers, < k < I < [n/2], and let u he 
a permutation in Bi^n and n a permutation in S2i+i,n- Then there exist a(^^^u) £ R, for 
V G Bk^n and oj G S2k+i,n, such that 

&{k)gTTgu = ^ a(^^^y)e(k)guigv 

fG-Bfe,„ 

The statement below is a special case of Proposition 4.12 in [7]. 

Lemma 3.5. Let k be an integer, < k < [n/2]. If b G Brn{r'^ , q'^) , u G Bk^n, then there 
exist a(i^,i,) G R, for uj G S2k+i,n and v G i?fc,„, such that 

e(fc)5'ajfi'v mod J„(fc + 1). 

Theorem 3.6. (\T\, Theorem 4-i7 ) Suppose that A is a commutative noetherian ring 

which contains R as a subring with the same identity. If q, r and — (resp. [N]) 

are invertible in K, then the q-Brauer algebra Brn{r'^,q^) (resp. Brn{N)) over the ring 
A is cellular. 

The following statement gives an explicit cellular basis for the g-Brauer algebra Brnir"^, q^) 
The proof follows from Theorem 3.13, Propositions 3.14 and 4.12 in [7]. 

Theorem 3.7. The q-Brauer algebra Brn{r'^,q'^) (resp. Brn{N)) is freely generated as 
an R-module by the basis 

{ gle(k)9ngv \ u,v e Bk,n and n G S2k+i,n for <k< [n/2] }. 

Moreover, the following statements hold. 

(1) The involution * satisfies 

* ■ g*ugne(k)gv ^ glgle(^k)gu 

for all u,v E Bk,n and n G S2k+i,n- 

(2) Suppose that b G Brn{r'^ ,q^) and let k be an integer, < k < [n/2]. 

If u,v G BkM and n G S2k+i,n, then there exist Vi G Bk^n and tti G S'2fc+i,n. such 
that 

(3.3) gle(^k)g^gvb = a(^'K^,v^)glei^k)g7,^gv^ niod Jn{k + l). 

7rieS'2fc+i,„ 

For k an integer, < A; < [n/2]., the i?-module Jn{k + 1) has a basis 

(3.4) { gle(i)gngv [ u,v e Bi^n and vr G S2i+i,n for all k <l < [n/2] }. 



3.2. Main theorem. For k an integer, < k < [n/2], let 

An := {{k, A) I for all < A; < [n/2], and A is a partition of n — 2k}. 
For {k,fj,) G A„, define the element 

(3.5) = e(k)Cfj, where is defined in (12.31) . 

Example 3.8. Let n = 10 and /i = (3,2, 1). The example in (12.21) yields the subgroup 

S^, = (s5,S6,S8) and = e(2) Y.a&s^9cT = e^2)il + 95)i^ + 96 + 9e95)i^ + gs)- 

For {k, A) G An, define Xn{k, A) to be the set of ordered pairs 

(3.6) In{k, A) = Std(A) x B^^n = {(s, u) : s G Std(A) and u G Bk^n} ■ 



Let Br^ be the i?-module with spanning set 



(3-7) '■= 9l9*di,)^f^9d(i)9v 

Lemma 3.9. Suppose that (k, A) G A,„, then Jn{k + 1) ^ Br^ and Br^ is an ideal of the 
q-Brauer algebra. 

Proof. By (13. 4p . every basis element in Jnik + 1) is of the form 9u^{i)9n9v where u,v E Bi n 
and vr G S2i+i,n, k + 1 < I < [n/2]. By the definition in Theorem 12. g.„ = 9^(^s-^c^9d(t) 
with (/,/i) G A„. Since n — 21 < n ~ 2k, the definition of dominance order in Section 
O implies that /i > A. Thus, 9u(^{i)9it9v = 9l9*d(,)^f^9d{t)9v = X(s,u)(i,v) ^ ^^n^ meaning 
Jn{k + l)CBrl 

To prove the second statement, it is sufficient to show that a;('g„)(t„) ■ b G Br^, where 

•'^{su){iv) ^ (with nt> X) and 6 is a basis element of the g-Brauer algebra Brn{r'^, q^). 
Lemma 13.51 implies 

{e(i)9v)b= ^ a(^7n,vi)e(i)9ni9vi mod J„(/ + 1). 

7riG52;+i,n 
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(s,m), (t,t;) G X„(/,/i) 1 
/i > A for (Z,/i), (fc. A) G An/ 



Notice that in fl2.5p of Theorem 12.11 cit = 10^(7^(1). We have the calculation: 

= ^ a(^^^^y^)glg^(^^)e(i){lCf,gd(t)gTTi)gvi + Jn{l + I) 



7rie52!+i,, 



(^inuVi)9u9d{B)Hl){Cu9nJgv^ + Ml + 1) 

7rie52;+i,,i 

^ (^{^i,vi)9l9*d{sf{l)i fltiClti + ^^+i,„)fl'^,i + + 1) 

7rieS2!+i,„ li€Std{iJ.) 

^ 5Z "'{^i,^i)9l9*d{sf{i)i atiC^5'd(ti) + e^H-i,n)fi'^'i + -^"(^ + 1> 

'I'l6'S'2i + l,n tlg5td(/j) 

= «tia(7ri,^;i)tod(s)e(oc^«5'<i(ii)5'i;i) 

7riGS2i+i,„ ii€Std{iJ,) 
+ ^ <^{7^i,v^){9*u9d(B)Hl)'^2l+l,n9vi) + Jn{l + ^) 



7rieS2i+i,„ 



JXSll.llOll 



(^h(^{TTi,vi){glgd{B)'^fi9d{ii)9vi) 



7rie52i+i,„ tiestd{n) 



+ X] X] «(7ri,t^l)a(S2,t2)(5'«fi'd(S2)"^M2fi'd(t2)fi't>l) + + 1) 



7riGS2i+l,n ii&Std{ii) 
Vl&Bi^n 



7rieS2i+i,„ /J2l-ri-2Z, /x2>/x 

""l&Bi^n S2,i2&Std{tJ.2) 

where a(,ri,t)i)5 and 0^2^12 ^-^e in R, and ^f+i „ is the ideal of -ff2Z+i,n defined in (12.41) . 
By Lemma [3.91 and the assumption fi> X (hence I > k), all elements occuring in the last 
formula are in Br^, and hence, so is x'^^ u)(iv) ' ^- '-' 

The main result of this section is the following. 

Theorem 3.10. The q-Brauer algebra Brn{r'^,q'^) (resp. Brn{N)) is freely generated as 
an R-module by the collection 



(3-8) <! a:(;,„)(t,^) = glg\^)mxgd{i)gv 



(5, n), (t, v) e Xn{k, X), for {k, A) G A, 



Moreover, the following statements hold. 

(1) The involution * sends x^^^^^^^^^^^ (x^^^^^^^^^^^)* = x^^^^^^^^^^ for all {t,v), {s,u) G X„(A;, A). 
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(2) Suppose that b G Brn{r'^,q^), (A;, A) G A„ and (Sj-u), (t, f) G X„(/c, A). T/ien, t/iere 
exzsi a(t2,t,2) ^ -R? {.^21^2) G X„(A;, A) swc/i that 

(3-9) ^i,«)(t,^) ■ ^ = XI (^{^2,v2)X%^u){i2,v2) mod 5r^. 

(t2,f2)Gl„(fc,A) 

Proof. Let 6 be an arbitrary element in Brn{r'^,q'^)- Then by Theorem 13. 7[ b can be 
expressed as an i?-hnear combination 

(3.10) ^ = Y1 ^J9*u^9n,e(^k,)9vj, 

j 

where {kj,\) G A„, aj G R, ttj G 5'2fc+i,n, and Uj, Vj G -Bfcj,n- Using the definition in 
Theorem 12.11 the element g.,^. has an expression 

with Sj, tj G Std{Xj). Replace g.„. in (13.101) by the last equation, 
3 3 

113.511 V ^ ^ ^ \ ^ \ 

= 2^('39u,9d{.,)rnx,gd[i,)gv, =2^<^3^iB„u,)ii„v,), 
3 3 

where {Sj, Uj), {tj, Vj) G Xn{kj, Xj). 

Therefore, the set fl3.8p linearly spans i?r„(r^,g^). The independence of fl3.8p follows 
from the linearly independences in Theorems 12.11 and 13.71 

The statement (1) is obtained by combining the involution * on the Hecke algebra Hn 
and Lemma [3.3( 10) in which (e(fc))* = e(fc). 

The statement (2) is shown as follows: Let {k, A), (/,/i) G A„. As the same arguments 
in the proof above, it suffices to consider the product a;(l5„)(t^) ■ b, where b = x^*^^ ^^^^^^ 
with (Si,Mi), (ti,t'i) G Zn{l,fi) is a basis element in i?r„(r^,g^). Subsequently, consider 
two cases with respect to partitions fi and A. 

The first case is > A: Then the definition of the dominance order implies that k < I. 
So, by Lemma 3.4 [23], we get 

^{k)gvgu^e{i) G H2k+l,ne(l) + 

m>l+l 

Hence, 

{c\gd{i)){e{k)gvg*u^e(^i)){gd(s,)C^,) e cxgd{i)H2k+i,ne{i)g\^^)Ct, + ^ iJ„e(„)i?n 

m>l+l 

(ESI k<i 

^ -f^2fc+l,n5'd(s^)"^Ai + 2^ Hne(^rn)Hn ^ H2k+l,ng*d{B^)^ii + 2^ Hne(rn)Hn 

m>l+l m>k+l 

C H2k+i,ng\,,)m^ + J„(/i; + 1) C 5r„. 
Since (cA^d(t) ) {e(k)gvgt, e(i) ) ( c/*^^^ )C/x) — {f^xgd{i)gv 

)(5'«ifl'd(so"^^)' inclusion yields 

(4^,«)(t,^,))(a;(li,„i)(ti,i,i)) = i9*ug*di,)mxgd{i)gv)ig*u,g*d(,,)m^gd{i,)gv^) e g*ug*d(,)Br^gdii,)gv^ c 5r^. 
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Thus, 4,«)(t,^))(^(li,«i)(ii,^i)) = ("^^^ ^^n), namely, 

^iB,u)it,v) -^ = {mod Brl). 
The second case is A > /i, that is / < /c: Using Lemma [3.3( 9). it yields 

'^{k)gvgu-^e{i) e e(^k)H2l+l,n + ^ Hne{rn)Hn. 

m>k+l 

Applying Lemma [3.3r 9) and the same arguments as in the previous case implies that 

(cA^d(t))(e(fc)^t,<,e(z))(^;j(^^)C^) = {mxgdii)9v){9*u,9*d(s,)^t.) 

G Cxgdit)e{k)H2l+l,ngd{si)Cf_i + ^ Hne(m)Hn 

m>k+l 

(|321l,ll32]l ^ ^ 

C mxH2i+i,n + Jn{k + l) C mxH2i+i,n + ^'^n (by Lemma [3J]). 

Hence, 

• ^ = {9u9*d{B)^x9d(t)9v){9*u,g*d{s,)^i^9d{i,)gv,) 

e 9l9*dis)^xH2i+i,n9d{i,)9v^ + Br^n ^ 9*a9*dis)^xH2i+i,n9vr + 5r^. 
It implies that ■ & can be rewritten as an i?-linear combination 

^{s,u){t,v) ■ b = 9u9*d{s)^x[ ^ (^1^9^1)9 VI + -Br„ 

7rigS2i + i,„ 

113.511 ^ ^ / \ ^ \ 

= 9u9d{s)Cx[ 2^ anie(k)9^,9^,) + Br„ 

7riG52;+i,„ 



= 5^ H^n„v^,)9*a9*d{B)Hk)i(^x9uj^,)9v.,) + Br^ 

7riG52;+i,„ t^TT]^ 65'2fe+i,n ti^^^^ G5td(A) 

= Y Y ^i^.,9l9d(B)Hk)CU^.,9v^i)) 

^(uJTT'^,VTri)9u9d{s)^{k)'!^2k+l,n9vTr^ + -^'"n 

7rigS2! + i,„ i^TT]^ GS2fc+i,„ 

7riG52;+i,n tt'TTi GS2fe+i,„ it^^^^ GSid(A) 



A 

ni 

7riGS2! + i,„ i^TT]^ G52fc+i,„ 
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where 0,^, a{uj^^,v^^), and at„^^ are in R. By the definition of Br^ in (13. 7p . it is obviously 

that the middle term in the last formula is in Br^. So, the last formula can be rearranged 
such that 

where {2 := t^^^ G Std{\), V2 := Vj.-^ G -Bfc,n5 and a(t2,v2) is the corresponding coefficient of 
^(sn)(t2 V2)- Thus, we get the precise statement (13. 9p . □ 

As a consequence of the above theorem, Br'^ is the -R-module freely generated by the 
collection (13. 7p . 

The new basis in (13. 8 p of the g-Brauer algebra can be verified to be a cellular basis in 
the sense of Graham and Lehrer by checking conditions of the definition of cellular 
algebra (see Definition 1.1 in |^) as follows: 

The g-Brauer algebra i?r„(r^, g^) has the cell datum (A„,X„, C, *) where 

(CI) An is a partially ordered set with the dominance order defined in Section 12.11 
For each {k, A) G A„, X„(/c, A) is a finite set satisfying that 

C : Y[ Inik, X) X In{k, X) BrniN) 
(fc,A)eA„ 

determined by the rule C((5,u), (t, f)) = x'^su){iv) injective map. 
(C2) This condition follows from Theorem 13.10( 1). 
(C3) This condition is satisfied by Theorem 13.10( 2). 

(C3') This condition is obtained by applying * to the equation (13. 9p . we obtain 
■ ^(i,v){s,u) = ^{i2,v2)^ {i2,v2) {s,u) "^od Br^. 

{i2,V2)eIn{k,\) 

Now we can use the representation theory of cellular algebras for the g-Brauer algebra. 
For {k, A) G A„, the Cell module C{k, A) in the g-Brauer algebra is called Specht and 
is defined to be the i?-module freely generated by 

(3.11) := mxgdit)gv + Br^l {i,v) GX„(fc, A)| 

and with the right Brnir"^, g^) action 

X{t,v)b + Br^n= 5^ «{tl,^>l)a;Jl,^,l) + Brl for h G 5r„(r^ g^), 

(ti,Di)GJ„(A:,A) 

where the coefficients a(ti,„i) G -R, for (ti,fi) in Xn{k,X), are determined by the expres- 
sion ([3lD. 

The last theorem is an analogue of that of the Hecke algebra of the symmetric group 
Hn- So, we refer to the set (13. 8p a Murphy basis of the g-Brauer algebras, and to the 
set (13. lip a Murphy basis of the Specht module C{k, A). Notice that we do not know the 
other properties of a Murphy basis for the g-algebra so far. 

Remark 3.11. 1. Note that the notion of Specht module C{k, A) of the g-Brauer algebra, 
which is introduced in this paper, is compatible with the Specht module S''^ of the Hecke 
algebra of the symmetric group in (12. 7p . If g = 1, then it recovers the notion of to Specht 
module of the classical Brauer algebra used in [T2] . 
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2. Let F he a field and f, q, {q — q~^) and (f — r~^) be units in F. The assignments 
: r I— f and (f : q ^ q determine a homomorphism R ^ F, giving F an i?-module 

structure. We refer to tlie specialization Brn{f'^,q'^) = Brn{r'^,q'^) F as a g-Brauer 
algebra over F. If {k, A) G A„ then the cell module C{k, A) ®ij -F for i?r„(f^, g^) admits 
a symmetric associative bilinear form which is related to the generic form f l3.13p in an 
obvious way. Similarly, this holds true for the version Brn{N). 

3. Whenever the context is clear and no confusion can arise, the abbreviation Brnir"^, q^) 
will be used for Brnir"^, (f') and similarly, C(A;, A) will be used for the Brn{r'^, g^)-module 
Cik,\) 0r¥. 

4. In the case q = 1 the version of Theorem 13.101 for Brn{N) coincides with Enyang's 
result to the classical Brauer algebra Dn{N) (see |8j. Theorem 9.1). It imphes that over 
a field F of any characteristic the other results for the g-Brauer algebra Brn{N) in this 
article recover those of the classical Brauer algebra. 

The example below illustrates a basis for Specht module. 

Example 3.12. Let n = 5, A; = 1, and A = (2, 1). If are integers with 1 < ij < j < 

n — 1, write tj = 1 or tj = SjSj-i ■ ■ ■ Si^, so that 

^2,5 = {v = t2U\ tj = 1 or tj = Sj^ij, 1 <ij < j for j G {1,2,4}}; 

Bi,5 = {v = t2t3t^\ tj = 1 or tj = Sj^i^, I <ij < j < 4} 

= {1, S2, S2,3, S2,l, S2,lS3, S2,lS3,2, ^2,4, 82,183^4, S2,lS3,2S4, S2,lS3,2S4,3}- 

Since the set of partitions {/i \fi\>\} = {fii = (3), fi2 = (1)} we obtain as follows: 
With fii = (3) the Young subgroup = {1? ■S3, S4, S3S4, S4S3, S4S3S4}, 
Std{fii) = { = |3|4|5| } and hence 

= e(l + 93 + 94 + 9394 + 9493 + 939493) = e(l + fi'3)(l + 94 + 9493)- 

With /i2 = (1) the Young subgroup 6*^2 = {1}, Std{fi2) = { t^^ = U] } and m^^ = 6(2). 

, (2,1) 

So by (13. 9 p the two-sided ideal Br^ ' has a basis: 



Ml 

^{Sl,«l)(ti,t.i)' 



I./., IT-, '/;-.! iti-, — / 1/ //-.I I I 

(3.12) 



(S2,M2)(t2,U2) 



(ti,t;i), (si,Mi) G X„(/,/ii), [ _ 



(t2, V2), (S2, U2) G X„,(/, ^2) j I a;fi_„2)(i,^'2) 



Vi,Ui G 5i_5 
t;2,M2 e B2.5 



In the other hand, Std(A) = |t'^ = -|3 ^ t'^s^ = JjAl | and mx = e(l + 93), the basis for 



C(l, A), of the form displayed in (13.1 



IS 



■^(2 1) ^ (2 1) 

{ e{l + 93)9v + Br^' , e{l + 93)9^9^ + Br r^' |t; G ^1,5 }. 

As in Proposition 2.4 of |9], the cell module C{k, A) for Brn{r'^, q^) admits an associative 
bilinear form ( , )\ : C{k,\) x C{k, \) ^ R defined by 

(3.13) {x(t,v),XiB,u))x^x=Xit,v)ixi,,u)y mod5r^. 

This means 

{mx9d(i)9v + Br^, mx9d{B)9u + Brl)xmx = mx9d{i)9v9l,9d{i)T^\ + Br^rux 



= mx9d{i)9v9u9d{i)i^>^ 
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mod -Br^. 



Example 3.13. Let n = 3 and A = (1) so that Br^ = (0) and m\ = e. We order the 
basis f l3.1ip for the module C{k, A) as vi = e, V2 = eg2 and V3 = eg2gi and, with respect 
to this ordered basis, the Gram matrix (vj, Vj)^ of the bilinear form f l3.13p is 



a rq 
rq q^a + (g^ 
rq^ rq^ 

The determinant of the Gram matrix given above is 



rq 

l)rq rq^ 

q^a + (g^ — l)rq^ 



where a 



q-q 



-1 • 



(3.14) 



r3(g2 _ 1)3 



4. Representation theory over a field 

Using the Murphy basis of Specht modules A), we have defined the new F-bilinear 
form, ( , )x, for the g-Brauer algebra. This bilinear form differs from the one given in [7], 
Definition 4.21. In detail, instead of determining the bilinear form via the known bilinear 
forms, including two bilinear forms of both the Hecke algebra and the iterated inflation's 
algebra, our bilinear form is directly defined using the Murphy basis of Specht modules. 
This enable us to give explicit calculations in the proof of Theorem 14.11 Also notice that 
in a restriction to subalgebra Hn the new bilinear form recovers the known one for the 
Hecke algebra. 

Using the general theory of cellular algebras we obtain some results about the 
representation theory of g-Brauer algebras. From now on, let F be an arbitrary field 
of characteristic p > 0. Denote 

rad{C{k,X)) = {xe C{k,X)\ {x,y)x = for all y G C{k,X)} 

and 

D{k, A) = C{k, X)/rad{C{k, A)). 
The following are special cases of results in [9J . 

Statement 1. For {k, A) G A„, r, q and (r — r~^)/{q — g~^) invertible elements in an 
arbitrary field F, let Brn{r'^, q^) be a g-Brauer algebra over F. Then 

(1) rad{C{k, A)) is a Brn{r'^, g^)-submodule of C{k, A); 

(2) lfD{k,X) ^ then 

(a) D{k,X) is simple; 

(b) rad{C{k, A)) is the radical of the Brnlr"^, g^)-module C{k, A). 

Statement 2. For {k,X),{l,fi) G A„, let Brn{r'^,q'^) be a g-Brauer algebra over an 
arbitrary field F. Suppose M is a Brn{r'^, g^)-submodule of C{k, A) and 



f. C{l,fi) C{k,X)/M 
is a Brn{r^, g^)-module homomorphism, and (, )^ 7^ 0. Then 

(1) ^ only if A > /i. 

(2) If A = /i, then there are elements ro 7^ and ri in F such that for all x G C{1, fi), 
we have ro(p{x) = rix + M. 
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For {k, A), (/, fi) G An and D{1, ji) ^ 0, let = [C{k, A) : D{1, /i)] be the composition 
multiplicity of D{l,fi) in C{k, A). 

The next statement provides a classification of the simple i?r„ (r^, g^)-modules. This 
result is an analogue of that for the Hecke algebra due to Dipper and James (see [Ij, 
Theorem 7.6). 

Theorem 4.1. For {k,X) G r, q and (r — r^^)/{q — q~^) invertible elements in an 
arbitrary field F , let Brn{r'^-, q^) he a q-Brauer algebra over F . Then 

(1) The set G A„ and /i is an e{q^) -restricted partition} is a complete 
set of pairwise non-isomorphic simple Br n{r'^,q'^) -modules. 

(2) For (A;, A), (Z, /i) G A„, suppose that /i is an e{q^) -restricted partition. Then 
d^^ = 1 and dx^ 7^ only if X> fi. 

Proof. (1). Since the g-Brauer algebra is cellular, it follows from Theorem 3.4 |9j that 
the set 

{D{l,fi)\ D{l,fi) ^ for partition fi of n - 21, < I < [n/2]} 

is a complete set of pairwise non-isomorphic simple -Br„(r^, g^)-modules. The remainder 
of proof is to show that yu) 7^ if and only if /i is e(g^)-restricted partition of n — 2/. 

Indeed, pick two non-zero elements a;^^^^ = rn^gd(s)gu + Br^ and x^^^^ = m^gig^-l- Br^ 
in C{l,fi) with arbitrary pairs (s, u), (t, f) G X„(/,/i). This yields, using fl3.13p . 



(4.1) 

+ Brn)f,m^ 
= mf,gd(s)9v9u9d{t)^f^ mod Sr„ 
^ e(i)(c^^d(0))^^,^*(c/d(t)C^)e(o mod Br'^ 
= e(^i){ci,gy){g^ca)e(i) mod Br ^ 

^e(i)( ^ flsiCisi +^2m,n)( Yl «tiCt,i + ^2m,n)e(0 mod fir ^ 



^ Yl 5Z "tiCti)e(0 modfir^ 

siestd{^i) hestdi^i) 

= 6(1) Y asiati(QiCtJe(i) mod fir |^ 

Si,ti&Std{n) 

^ Hi) Yl «si«ti((c3i, Ct,)c/, + J^af^i Je(;) mod fir 

Si,ti<^Std{fj.) 

E3,4331:2) /r-r"\i . . ^ ^ 

= > ( 7) asiCttilCsi, cti)m. mod fir 



Si,ii€Std{fi) 



where coefficients in F. 

Then, using Theorem I2.2r i) if /i is an e(g^)-restricted partition of n — 2/ then D^^ ^ 0. 
The definition of implies that there exist s, t G Std{fi) such that (c^, Ct) 7^ 0. Now 
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fixing -^^ = m^gd{s) + Br^ and x^^ = m^gdit) + -Br^ the previous calculation yields 



(^fs,!)' ^fi,!))/^"^/' = (c„ ct)m^ mod 5r„ 

and hence {x,y)a = ( 7) (cs,ct) 7^ 0. Thus D(l,fi) 7^ 0. 

q — q 

Conversely, if /i is not e(g^)-restricted then by Theorem 12.2( 1) the i?-bilinear form 
( , ) on the Specht module S'^ of the Hecke algebra H2k+i,n is zero. This means that 
(csi,Cti) = for any Cs^,Cti G S^. By calculation in ( 14. ip it implies „), a;^'^^-))^ = for 
^(l,«)'^(t,i>) ^ namely, = 0. 

(2). This statement follows by applying the general theory of cellular algebras and 
Proposition 3.6 [9]. □ 

Corollary 4.2. For {k,X) G A„, r, q and (r — r^^)/{q — q~^) invertible elements in an 
arbitrary field F , let Brnir"^, q^) he a q-Brauer algebra over F . The following statements 
are equivalent. 

(1) Brn{r'^,q'^) is semisimple; 

(2) C{k, A) = D{k, A) for all {k, A) E A„; and, 

(3) The F- bilinear form ( , )x (of. fl3.13p ) is non-degenerate for all {k,X) G A„. 

Remark 4.3. The same results as Theorem 14.11 and Corollary 14.21 hold true for the 
version Brn{N) of the g-Brauer algebra. Furthermore, when q = 1 then the statement 
in Theorem 14.11 recovers that for the classical Brauer algebra with non-zero parameter 
which was shown in [9j, Theorem 4.17 by Graham and Lehrer. Also notice that in this 
case the cell module of the Brauer algebra in l9] is dual to the one in this paper. 

5. Is THE g-BRAUER ALGEBRA GENERICALLY ISOMORPHIC WITH THE 

BMW-ALGEBRA? 

In this section, we answer the question whether the g-Brauer algebra is isomorphic with 
the BMW-algebra? Using the cellular property and explicit calculations on the Murphy 
basis of the Specht modules C{k,X), we show that in general the answer is "No". To 
this end, we need to use the following results. 

Proposition 5.1. Let Brn{r'^,q'^) be the q-Brauer algebra over an arbitrary field F with 

invertible elements r, q and G F. Then 

q-q 1 

(1) Br2{r'^,q'^) is semisimple if and only if e{q^) > 2. 

(2) Br^ir'^^q'^) is semisimple if and only if eiq^) > 3 and ^7-^5 -^^ 7^ 0. 

r [q — 1) 

Proof. If n = 2 and A is a partition of 2, then the cell modules C(0, A) coincide with 
the cell modules of the Hecke algebra if 2, and it hence (,) = (, )a. Therefore, by 
Corollary 12.31 the F-bilinear form ( , ) is non-degenerate if and only if e(g^) > 2. If 
A = 0, then Br2 = ^2 — ^ ^nd m\ = e. As shown in (13. lip , the cell module C(l, A) 
has a basis 

{ eg^ + Br] \ v G 5i,2 = {!}} = {e}. 
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{El ) T — T ^ 

The Gram determinant with respect to this basis is (e, e)xe = = -e, that 

_i Q-Q 

is, (e, e)x = -. With n = 3 and A a partition of 3, using the same argument as 

above yields that the F-bihnear form ( , )a is non-degenerate if and only if e(g^) > 3. 
Otherwise, if = 3 and A = (1) then applying Example (13.131) . the Gram determinant 
on C(l, A) is non-zero if and only if 

r3(g2 _ 1)3 ^ 0- 

Hence, we get the statement (2) by using Corollary 14. 2[ □ 

When replacing the version Brnir"^, q^) by Brn{N) or Brn{r, q) used by Wenzl [23] and 
Dung then the results are the following. 

Proposition 5.2. Let Brn{r,q) be the q-Brauer algebra over an arbitrary field F with 

r — 1 

invertible elements r, q and G F. Then 

q - 1 

(1) Br2{r,q) is semisimple if and only if e{q) > 2. 

(2) Br^{r,q) is semisimple if and only if e{q) > 3 and ^ ^-y^^ ^ 0. 

The proof is similar to the one above, using Section 3 in [7] for calculations. 

Proposition 5.3. Let N G Z\{0} and Br^iN) be the q-Brauer algebra over an arbitrary 
field F with 0^q,[N]e F. Then 

(1) Br2{N) is semisimple if and only if e{q) > 2. 

(2) Br^i^N) is semisimple if and only if e{q) > 3 and 

3q\q^ - q[N]){[N] + q^+' + q^+^) ^ 0. 

The proof uses the same arguments as in Proposition 15.11 using definition of Brn{N) 
given in Remark 13.21 (2) for calculations. 

Remark 5.4. 1. Notice that if g = 1 then e(g^) (resp. e(g)) is equal to the characteristic 
p of the field F. It implies that for r = q^ with N G Z\{0} and the limit g — )■ 1, our 
results above recover these ones for the classical Brauer algebra Dn{N) due to Rui [20] 

in the case n G {2, 3}. In particular, when Lim„^i — - = and 

q-q 



3g5(r^-g^)^(gV-l) _ 3g5(g^^ - qYjqV - 1] 



3 9 r 2{N-1) _ 1)2 ^ 2(iV+2) _ l^ 

= ■ ■ ^'(^2_i) ^ = 3(iV - l)(iV + 2), 

then Brn{q^^ iq^) = Dn{N) over the field F in which the limit g — t- 1 can be formed. 
Applying Proposition 15 . 1 1 it implies the following: Over the complex field Br2{q'^^ , q"^) is 
semisimple if and only if 7^ and Br^{q^^ , q^) is semisimple if and only if N ^ {~2, 0, 1}; 
over arbitrary field of characteristic p > 0, Br2{q'^^ , q^) is semisimple if and only if A^ 7^ 
and p > 2, and Br^lq'^'^ , q^) is semisimple if and only if A^ ^ {~2, 0, 1} and p > 3. These 
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imply that in the hmit g — )■ 1 Proposition 15. II recovers Theorems 1.2(a) and 1.3(a) in [20] 
for n G {2, 3}. The other computation for the version Brn{r, q) is left to the reader. 

Similarly, in the case q = 1, Brn{N) coincides with the classical Brauer algebra Dn{N) 
over arbitrary field F, charF = p>0, and direct calculation yields that Proposition 15.31 
recovers Theorems 1.2(a) and 1.3(a) for n G {2,3} in pO] . 

2. Over the field of characteristic zero all results above agree with Wenzl's results for 
n G {2,3} (see Theorem 5.3 [22]). In particular, for Brn{r'^,q'^) (resp. Brn{r,q)) the 
pair of parameters (^,p) in his theorem is replaced by (g^, r) (resp. (g, r)), respectively. 
And for Brn{N), (^,p) is replaced by (g^, q^). 

3. Prop osit ions I5.1l and l5.2l imply a negative answer for the question about the existence 
of an isomorphism between the g - Brauer algebra Sr„(r^,g^) (resp. Brn{r,q)) and the 
BMW- algebra Three following examples illustrate Claim [TTTl 

In the two following examples, with a same parameter value the BMW- algebra is not 
simple, but the q-Brauer algebra is semisimple 

Example 5.5. We consider both algebras Br^{r'^ ,q^) and over the complex field. 
These algebras simultaneously depend on two parameters r and g. Fixing r = q~^ and 
g^ = — i, then by Theorem 5.9(b) [IH] the BMW-algebra ^3 is not semisimple since 

g^ + 1 = {-if + 1 = 0. 

On the other hand, both [m\q2 = l + g^ = l — 27^0 and 

[m]g2 = 1 + g^ + {(ff = 1 — i + {—if = — 7^ 0, namely, e(g^) = m > 3. 

Moreover, a direct calculation yields 

3g^(r'-g')'(gV- 1) _ 3g^(g-' - q^jq^q"^ - 1) _ ^. , ^ 
r3(g2 - 1)3 - g-3(g2 - 1)3 - 6? ^ 0. 

Therefore, applying Proposition 15.1( 2) the g-Brauer algebra Br^{r'^ ,q^) is semisimple. 



Example 5.6. With respect to the version Br^{r, q) and ,^3 over the complex field, we 
choose r = g^^ and g = i\/i, then by Theorem 5.9(b) [19] the BMW-algebra is not 
semisimple since g"^ + 1 = {i\/iY + 1 = 0. 
In other words, both [m]q = 1 + g = 1 + i\/i 7^ and 

[rri\q = l + g + g^ = l + i\/~i + {iVif = iy/i 7^ 0, namely, e(g) = m > 3. 

By direct calculation, it yields 

3g(r — qY{q^r — 1) 3g(g"^ — qY{q^q^^ — 1) 



1^ 



3g"^ = ^{i^fi)-^ ^ 0. 



(g - 1)3 (g 

Hence, by Proposition 15.2( 2) the g-Brauer algebra Br^{r,q) is semisimple. 
The result is illustrated in the following table: 



c 


BMW-algebra 


g-Brauer algebra 


(r,g2) = (g-S-i) 


e^3 is not semisimple 


Br'i{r'^^q^) is semisimple 


(r,g) = {q-^,i^/i) 


=5^3 is not semisimple 


Brs{r,q) is semisimple 
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The next example shows that over the field of characteristic p = 5 the BMW-algebra 
is not semisimple with total twelve parameter values, but the q-Brauer algebra is not 
semisimiple with less than four parameter values. 

Example 5.7. Over the prime field F5 if g G {2, 3}, then it is obvious that 
[m]q2 = 1 + = and hence e(g^) < 2. Applying Theorem 5.9 in [20] the BMW-algebra 
^2 is not semisimple for all r G F5\{0}. Otherwise, with q G F5 \{0, 2, 3} a direct 
calculation implies that e(g^) > 2, and by Theorem 5.9 [20] ^2 is not semisimple for 
r G {q^^, —q} = {1, 4}. Thus, there totally exist twelve value pairs (r, g) such that the 
BMW- algebra ^2 is not semisimple over the field F5. 

By Proposition 15 . 1 ( 1 ) the g-Brauer algebra Br2{r'^, g^) over the field F5 is not semisim- 
ple if and only if g G {2, 3} and r G F5\{0} such that (r — r^^)/(g — g^^) 7^ 0. 
Direct calculation yields Br2{r'^, g^) over the field F5 is not semisimple for all parameters 
g G {2, 3} and r G {2, 3}. This means that there are totally such four value pairs (r, g). 

Similarly, on the version i?r„(r, g) Proposition 15.2( 1) implies that the g-Brauer algebra 
Br2{r, g) over the field F5 is not semisimple if and only if g G {4} and r G F5 \{0} such 
that (r — l)/(g — 1) 7^ 0. That is, Br2{r,q) over the field F5 is not semisimple for all 
parameters g = 4 and r G {2, 3, 4}. 

The total parameter values, such that the algebras are not semisimple, are summarized 
in the following table. 



The non- semisimple case 


F5XF5 


The BMW-algebra ^2 


(r, g) G ({1, 2, 3, 4} x {2, 3}) U ({2, 3} x {1, 4)} 


The g-Brauer algebra i?r2(r^,g^) 


(r,g)G{2, 3}x{2,3} 


The g-Brauer algebra Br2{r, q) 


(r,g)G{2,3,4}x{4} 



Thus, these examples imply that in general there does not exist an algebra isomorphism 
between the g-Brauer algebra and the BMW-algebra. 
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